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OF O R D I N A R Y  D I F F E R E N T I A L  E Q U A T I O N S  

R. Nottrot 
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SUMMARY 

Recently TIMMAN [2] succeeded in setting up a theory of optimization by applying variational principles 
to problems of ma themat i ca l  programming and control theory, These principles m a y  be considered as basic 
when dealing with problems of optimization theory. In this paper we are concerned with a general problem 
of control theory: inequali ty-constraints  for both the control-variables and the state-variables are taken into 
account ,  The point is to derive necessary conditions for the optimal control, which is such that the solution 
of a set of ordinary differential equations minimizes  some given integral. Moreover end-conditions will be 
considered. 

1 .  I n t r o d u c t i o n  

I n ' p r o b l e m s  of c o n t r o l  t h e o r y  the s t a t e  x(t) = (x l ( t ) ,  x2(t  ) . . . . .  Xn(t)) of  
s o m e  s y s t e m  is  d e t e r m i n e d  b y  the  c h o i c e  of  a s e t  of  c o n t r o l  f u n c t i o n s .  
T h e  p r o b l e m  of f i nd i ng  the o p t i m a l  c o n t r o l  u(t)  = (u l ( t ) ,  u2( t  ) . . . . .  urn(t)) 
t ha t  m a x i m i z e s  o r  m i n i m i z e s  s o m e  f u n c t i o n a l  i s  the f u n d a m e n t a l  p r o b l e m  
of o p t i m a l  c o n t r o l  t h e o r y .  In  s o m e  f a s h i o n  th i s  p r o b l e m  h a s  b e e n  t r e a t e d  
by  P o n t r y a g i n  [ 1 ]  who d e r i v e d  the  w e l l  known  m a x i m u m  p r i n c i p l e ,  a s e t  
of  n e c e s s a r y  c o n d i t i o n s  f o r  the Op t ima l  v a l u e s  of  the c o n t r o l - v a r i a b l e s .  
R e c e n t l y  T i m m a n  [ 2 ]  s u c c e e d e d  in d e r i v i n g  the  n e c e s s a r y  c o n d i t i o n s  f o r  
an  e v e n  m o r e  g e n e r a l  p r o b l e m  b y  a p p l y i n g  e l e m e n t a r y  v a r i a t i o n a l  m e t h o d s  
to c o n t r o l  p r o b l e m s .  

In p r a c t i c a l  a p p l i c a t i o n s  the c o n t r o l - v a r i a b l e s  u l ,  u 2 . . . . .  u m a r e  g e n -  
e r a l l y  s u b j e c t  to a s e t  of  c o n s t r a i n t s :  

• j (u , t )  ,,< 0, j = 1 ,2  . . . . . . .  r (1) 

and a l s o  the s t a t e - v a r i a b l e s  x~, x 2 . . . . . . .  , x n a r e  s u b j e c t  to a n u m b e r  
of  c o n s t r a i n t s :  

g k ( x , t )  x< 0, k = 1, 2 . . . . . . .  y.  (2) 

In the f o l l o w i n g  we s h a l l  be  c o n c e r n e d  wi th  the p r o b l e m  of f i nd ing  a c o n t r o l  
u(t) = (u l ( t ) ,  u 2 ( t  ) . . . .  urn(t))  s u c h  tha t  the  a r e  x(t) = (Xl(t) ,  x2( t  ) . . . . .  
Xn(t)) f r o m  a f i xed  po in t  ( X 0 , T 0 )  , X 0 = x ( T 0 ) t o  a g i v e n  po in t  ( X 1 , T 1 )  , 
X 1 = x (T  1) in  ( x , t ) - s p a c e ,  wh ich  a r c  s a t i s f i e s  a s e t  of  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s :  

dx. 
= 1 = f i (x ,  u, t) ,  >~i dt 

minimizes the integral: 

i l F ( x ,  u, t )d t  

% 

i = 1,2 . . . . .  n, (3) 

(4) 
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Moreover the control-variables are subject to the constraints (i) and 'the 
state-variables are subject to.the constraints (2). The variational approach 
as developed by Timman [.2] is basic in the derivation of the necessary 
conditions for the optimal values of the control-variables. The formulation 
of the set of necessary conditions differs slightly from that given by 
Pontryagin [i], though both formulations are equivalent, as far as 
Pontryagin has been occupied with a similar problem. 

2. The set o f  necessary conditions. 

L e t  u(t)  = ( u l ( t ) ,  u2 ( t  ) . . . . . . . . .  u rn( t ) )  d e n o t e  the o p t i m a l  v a l u e s  of  the  
c o n t r o l - v a r i a b l e s  and  a s s u m e  t h a t  the  c u r v e  x(t)  = ( x l ( t ) ,  x2( t  ) . . . . . . . . .  
Xn(t)) f r o m  a f i x e d  p o i n t  ( X 0 , T  0 ), X 0 = x (T0)  to s o m e  g i v e n  p o i n t  ( X i , T 1 )  , 
X 1 = x ( T  1 ) in  ( x , t ) - s p a c e  s a t i s f i e s  the d i f f e r e n t i a l  e q u a t i o n s :  

xi  = fi ( x ' u ' t ) '  i = 1 ,2  . . . . .  n, (5) 

subject to the conditions: 

, j ( u , t )  ~< 0, j = 1 , 2 ,  . . . . .  r ,  (6) 

g k ( x , t )  ~< 0, k = 1 ,2  . . . . . .  v (7) 

and  m i n i m i z e s  the  i n t e g r a l :  
r f ,  

i i F ( x ,  u,  t)dt (8) 

T o 

a s  c o m p a r e d  wi th  a l l  c u r v e s  j o i n i n g  ( X 0 , T  0) to ( X 1 , T  1) and  s a t i s f y i n g  the  
s a m e  c o n d i t i o n s  (5), (6) and  (7) .  2 . T h e  f u n c t i o n s  F ,  f i ,  ~] and  gk a r e  s u p p o s e d  to be of  c l a s e  C in  ( x , u ,  t ) -  
space. The curve x(t) is an extremal from (X0,T0) to the point (XI,TI) 
The conditions (7) define an admissible region R in (x, t)-space. It is as 
sumed that there exists a field of such extremals from (X0,T 0 )to the 
points (x, t) in some neighbourhood of (Xi, Ti) in R; among all curves from 
(X0, To) to a point (x, t) subject to the conditions (5), (6) and (7) an extremal 
has the characteristic property that it minimizes the integral 

t 

j r(F,u,r)dT. (9) 
T o 

Let J(x,t) denote this integral along an extremal from (X0,T 0 to (x,t), 
Now consider the extremai x(t) from (X0,T0) to (Xi,Ti). It is assumed 
that the right half open interval ['T o , T i ) is the union of a number of such 
disjoint right half open sub-intervals t1~at throughout the interior of a sub- 
interval certain constraints in (6) and (7)vanish whereas the other con- 

zero ':~ Let "r, ) be such a straints are less than �9 . [ u, rl sub-interval and suppose 
that for 7 o < t < r i the conditions 

~j(u,t) = 0, j = i;2 ..... q ..< r, (i0) 

g,(x +~, = 0, k = 1,2, ~ ~< ~, (ii) 

whereas 

* O~le might assume that [T0.T ] ) is the union of a cotmtable sequence of ~uch intervals. 
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~, ( u , t )  < 0, j = q ~ l ,  q+2 . . . . .  r ,  (12)  

g k ( x , t )  < 0, i~ = ~ f l ,  ~+2 . . . . .  v (13)  

a r e  s a t i s f i e d  a l o n g  t h e  e x t r e m a l  x ( t ) .  A f t e r  i n t r o d u c t i o n  o f  s l a c k v a r i a b l e s :  

~j * zj  = 0, j = 1 , 2  . . . . .  r ,  

g l~ 4- vk = 0, k = 1 , 2 , . . . ,  tJ 

t h e s e  c o n d i t i o n s  p a s s  i n t o  

zj  = 0, 

Vl~ = 0 ,  

whereas 

j = 1, 2 . . . . .  q,  

k = 1 , 2  . . . .  , tl, 

zj > 0, j = q + l ,  q+2 . . . . .  r ,  

L a t e r  on  i t  w i l l  b e  c l e a r ,  t h a t  t h e  c o n s t r a i n t s  ~j ..< 0, j > q a n d  g l . .<  O, 
k > /a a r e  n o t  e s s e n t i a l  f o r  r0 < t < ~'1" 

W e  w i l l  d e r i v e  a s e t  o f  n e c e s s a r y  c o n d i t i o n s  f o r  t h e  e x t r e m a l  x ( t )  j o i n i n g  
( X 0 , T 0 )  a n d  ( X 1 , T 1 )  s u c h  t h a t  t h e  c o n t r o l - f u n c t i o n s  a r e  c o n t i n u o u s  f u n c t i o n s  
o f  t on t h e  i n t e r v a l  (~'0" ~ )  F o r  t h e  r e s u l t s  t h a t  w e  h a v e  i n  v i e w  i t  i s  
s u f f i c i e n t  to  c o n s i d e r  o n l y  u m f o r m l y  s m a l l  v a r i a t i o n s  o f  t h e  c o n t r o l - v a r i a b l e s  
o n  (~-0, ~'1): 16ui( t )  l < ~, "% < t < r l~  T h e n  t h e  c o r r e s p o n d i n g  v a r i a t i o n s  of  
t h e  s t a t e - v a r i a b l e s  a r e  a l s o  u n i f o r m l y  s m a l l  o n  (70 ,  r l ) .  T e r m s  o f  o r d e r  
c 2 w i l l  b e  n e g l e c t e d .  

L e t  u s  i n t r o d u c e  t h e  f u n c t i o n s :  

n Og k Og~ 
= 

% i-c  fl * e (t4) 

I t  i s  a s s u m e d  t h a t  t h e  m a t r i x  

a(hj .  h,~ . . . .  h . ,  ~1, 'es . . . . .  ~ )  
a(u 1, u . . . . . . . . . . . . . . . . . . .  u )  

h a s  r a n k  /a + q; L e t  u s  s u p p o s e  t h a t  t h e  m a t r i x  

0 ( h i ,  h:?, . . . . . .  h~ ,  Sop ~2 . . . . .  ~q) 
A =  

o(ui ,  u2 . . . . . . . . . . . . . . . . . . . .  u**L~) 

i s  n o n - s i n g u l a r  s o  t h a t  i t  h a s  a n  i n v e r s e  r w i t h  e l e m e n t s  d e n o t e d  b y  ~ i j .  
B e c a u s e  o f  t h e  q + /a c o n s t r a i n t s  % = 0, j ..< q a n d  g~ : 0, k ..< /~ t h e  

v a r i a t i o n s  6 u l ,  6 u 2 , .  . . . .  6u  m a r e  r e s t g i c t e d .  T h e r e f o r e  w'e s h a l l  e l i m i n a t e  
q + /~ v a r i a t i o n s  6 u l ,  6u.~, . . . . .  6u~+. s o  t h a t  w e  h a v e  m - /~ - q a r b i t r a r y  
v a r i a t i o n s  of  t h e  c o n t r o l C v a r i a b l e s  l e f t .  

F r o m  gl< + vh = 0, k 4 / a i r  f o l l o w s  t h a t  

= n a g  k 6x + 6v k = O, 6gk + 6Vk i ~  Oxi i k = i, 2 ...... , ~, 

where 6v k >i O. Differentiation with respect to t yields: 
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agk ~ E 82gk 82gk 
i=1 ~ 6:~i + fJ6Xi + ~ 8x + 6:} i=l j=l 8XiSXj i=l ~ i k 

S u b s t i t u t i n g  f o r  5x i the  e x p r e s s i o n  

= 0 ,  

k = 1 ,2  . . . .  , t l .  

n 8f i nl 8fi 
6x i  = E - ~ x  j 5x.  + E-~--uu j 6u.  

j=l 3 j=l ] 

we f ind  t h a t  

n 8 gk 11 8 f i 
E - -  E ~ 5x. 
i=l ~Xi j=l OXj J 

a g k  ~ Of. 82 1 n n gk 
+ ~ ~ ~u i + z z - -  f . ~ x  + 

i=t ~)xi j=l j i=l j=l a x i ~ x  j 1 

n 82g k 
+ E ' 5 x  i + 6 v  k = 0 .  

i=l 8 x i a t  

Now 

8h k 8 2 8 2 n gk n agk 8fi gk 
= E f i  + E 3 X  3 x "  + aX.3------t" 8Xj i=l 8XiaX j i=l i j j 

Thus we obtain the equations 

n 8 h  k m 8h k 
j=~l ~---Cj 6Xj + E ~--"U.------. 6U j + 6V k = 0, 

j=l j 
k = 1, 2 . . . . .  /~. (15) 

F r o m  ~j + zj  = 0, j g q we" h a v e  t h a t  

__n 8~j 8~ j  
+ 5z iE ~-7--5xi + ~ = 1 ~ , ~ i  5Uk + 5Z = 0, j = 1 2, . q, 

6~ j J = k=l ~ J ' " " ' 
(16) 

where 6z, >I 0 Solving 51.11, 6u 2 ..... 6u~,+q from the equations (15) and J �9 o,, 
(16) we obtain: 

where 

n m ~ q 
6U. = - • A ~x k - E Bik6U k E 7.5~ - E 5z (17) 

t k=l ik k=~+q+ 1 j=l U J j=l Ti '~+j J �9 

j = i, 2, ..... /~+q, 

Ohj q a~oj g Ohj 
= 

Aik jfl  Tij aX k + ~ ~i ,u+j  "=  ~ Tij j=l ~X k j=l '~X k 
(18) 

and 

= ~ ~hj q ~j 

Bik jf l  Tij ~ § ~ j=l Tid't+J ~Uk 
(19) 
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Now consider the difference 
T 1 T]. 

) F(X+6X, u+6u, t)dt - I F ( x , u , t ) d t  V 
T o 0 

= ~ i {  n I F  ~xi + m ~F ~u. } at .  

w h e r e  u ( t ) i s  the o p t i m a l  c o n t r o l  for  the e x t r e m a l  x ( t ) j o i n i n g  (X0, To) and 
(X~,T]). From (17) it follows that 

V : El  8F u*q ~F 1]q ['OF 
"~ j_-E 1 8uj Ajk 6x k +k__l~+q+lL~U k - E j = l ~  %k 6Uk 

and from 

kt+q q 
"*q a F  ~ 6 v  k a F  ] 

- E - 6z dt j=l ~ k=l Tjk j[1 ~ k~l TJ'Iz+k k 

n a f  i 

we find that  

m af i 
6x k + k~=l-~k 6u 

o pfi ~+q ~}fi ] . m ~-afi 

6% =SLaxk- j=~ll) U~' AJ k j %+ = I~, k=l~+q+ 1 L k 
~z+q ~)fi B j k ]  

- -  - E 6u k j=l T ~ j  

u+q Ofi a u+q i)fi q 
- z - -  ~ 6 ~  k - - -  . . . ,  j=l aUj k= 1 "Yjk j~l auj  k=E1 7J,~+k 6Zk' i = 1, 2, n. 

Let us introduce a set of functions ~i(t) of t on (T0, rl) such that 

~ F< ] ~F _%~ ~F % + ~. < L ~ k  _ T ~ f i  % , ( 2 0 )  

k : 1 ,2  . . . . . .  n. 

Then i t  follows from 

that 

V = 

d 

T 
I 

.Sfi u+q 8fi II 

i:I ] 

E 'Yjk k=l j=l 

n 8 f i  

- i~ ~ i ~  "Tjk) ~vj -EE 
k=l j=l ~'j, ~+k 

nafi 1 1 E ~i"8-~ 7j,~,,k 6Zk dr. 
i=l ] 



1 14 R.Nottrot 

Putting 

~+q / n a fi  8 F  
(21) 

and 

we 

/ 
~+q [ n 

- 

J 

find f rom 

afi aF ) 
auj auj  (22) 

/.L+q / n 8 fi  

j=l 

OF ) =~+q ( n Of i ( ahl  
a--ffj i--i 

q O~l ) 
+ E 1=1 Tj,#+t 0Uk 

~x O h l  q ~)r 1 

= t_El~i0u-----7 + E k~ i=i aU k 

that 

V = In fO [1 c m 4F 
r]. T O \ 

+ ~; ~ +~k[1 Xk6Zk dt. k=l 

n Of. 

i=t i aUk 

/z ahj q a~j 
+I2 c~. + I2 )t / ~  - -  O H  

j=l J ~ J k j=t au k 

Since 

j=l j j OUj 0Uj l=l "Yjl - ~ k  

Ohl 
= E oL 1 

I=l aX k 

the functions @i(t) sa t i s fy  the d i f ferent ia l  equat ions*:  

n 8f i ~ ~hl 
k 0X k i:l l=t k 

- -  , i = 1,2, ..... ,n. (23) 

By vir tue  of 

u 8hj q O~j [ 0, 1 r k 
E + E - = 

j=l "Ylj 0U k j=l "/I,/.L+j 0U k 61k 1, 1 = k 

we have for k = i, 2 ...... /~+q the equations 

This set ot differential equations is identical with the system of adjoint equations that Pontryagin introduced 
in his derivation of the ma::!nnum-prfl~ciple. 
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8u k 

8F 

OF n 3f  i ~, 3h .1 q O~ j 
- E ~ i  + E ~j  + E kj 

i=1 ~--~k j=l a---~k OU j=l k 

( ) n Of. u ~s+q n Of. OF 8hj 

3U k i=1 ~ j=l 1=1 TlJ 8u 1 8U 1 
+ (24) 

q P'~q ( Ofi OF ) 8~j  

j=l 1= 1 "Y1,/~+j i= 1 
- O. 

Now suppose the functions ak to be differentiable with respect to t on (~'0, ~i)" 
Later on this assumption will be justified. Setting: 

_ ( 2 5 )  
/'~k Crk 

we find from 

t ha t  

- d-'t- k=l Otk6gk = - ~  k~=l O~k6Vk k=~l ~k6Vk + k=lZ Olk6V k = 

M. N. 
E ktk6V k + I 3 0 ~ k 6 ;  k 

k=l k=J 

V = 
i 0gk  

/ oF  n a -  \ 
+ k=~+q+l 1'0 - i::1 ~] 1 

+ E ~k6Vk +k~l )tk 6zk dr. 
k=i 

3hj q 8~j 
+ ~ O~j + ~ ~.j 

j=l ~ j=l ~ k /  6uk 

Introducing the functions 

Ogj 

Pi = r j=~l O~j OX i i = 1,2, . . . . . .  , n 

we o b t a i n  f r o m  (26) the e x p r e s s i o n :  

% 

+ I 2  + E ) t  dt .  l;=l /'/k6Vk l;::l k 6Z I,: 

u 3fi ~l 
- ~ pi 3-~k + J2 i= I j= I 

3~j \ 

]?' r ' o m  

+ 

(26) 

(27) 

(28) 
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OF n O]' k ~ Oh 1 

0x i k=l l t=1 t 

n 8f k /x gl 
_ OF r. ~k-~-x. + B ~i 

0X i k=] l I=i Lk=i OXiOX k 

OF n 0f k ~. F /8 ,\ 

- ax-- ~=~ ~ l~- -x .  + ~" aq l t 1=1 

it is seen that 

+ ~ agi Of k a ~ g l  ] 
fk 

k=l Ox k 0x i +, ~x~t _J 

n 0g I afk ] 
+ ] = 8x k 8x t 

(~  8 g t ~  8fk " d (ff  ~ g ; ~  ~" 8gt 

0X----~ 1<=1 k I---1 ~1 ~ l"~-~Xi ) + 

the  f u n c t i o n s  Pi( t)  s a t i s f y  t h e  a d j o i n t  d i f f e r e n t i a l  e q u a t i o n s  

OF n Of k ~ 8gj 
- E Pk ~ + E ~j  , i = 1, 2 ,  n .  ( 2 9 )  

Pi axi  1<=1 1 j=l - ~ i  . . . . .  

S i n c e  

8F n .... 8f i ~ Dhj- '-t r j 
- E ~i ~ + E ff + E )t 

au k i=1 au k j=l J - ~ k  j=l J aU k 

8F n 2 0f  i q ~o j 
- E P i  + E X  

au k i~1 - ~ k  j=l J 8U k 

it follows from (24) that for k 4 q+/~ 

n 8f q 8~j 
8F - D Pi 
auk i=i ~ + j=i ~" Xj auk - 0. (30) 

For q < j ~< r we set k~ = 0 and for /~ < k ..< ~ we set /~k = 0. Assuming 
the funetions Pi (t), p2(t)~..., p(t) to be continuous on [T o , Ti ] we fix the 
solution ~o.f the differential equations (29) by imposingthe endcondition, that 
at the point (Xi,T I ): 

aJ (31) 
Pi = 8x i 

p r o v i d e d  t h e s e  d e r i v a t i v e s  e x i s t  in  R.  
T h e  c o n s t r a i n t s  ~j ..< 0, j > q a n d  gk..< 0, k > ~  c a n  be  i g n o r e d  on (~-0, ~1 ); 

i f  t i s  s o m e  p o i n t  o f  (~'0, ~-t) t h e n  t h e r e  e x i s t s  a n e i g h b o u r h o o d  ( t - A ,  t+kl) 
s u c h  t h a t  ~ ( u  + 6u,  t) ..< 0, j > q a n d  gk (x  + 6x, t)..< 0, k > ~ on ( t - A ,  t+A) 

�9 . J  

f o r  s u f f i c i e n t l y  s m a l l  v a r i a t i o n s  of  the  c o n t r o l - v a r i a b l e s .  
N o w  the  f u n c t i o n s  Pi( t)  a r e  c o n t i n u o u s  on [ T o ,  T 1 ]  a n d  

E P i ( T  1 ) 6 x i ( T  l )  = 6 J ( X I , T  i )  

Thus, since 

T o 

and since the variations 6uk, k > q + /4 6z k and 6v k in (28) are arbitrary 
except for the condition 6zk'> ~ 0 and 6v k >i 0 we obtain from the fundamental 
lemma of the calculus of variations (taking the variations 6~ = 0, k > Q+/~ 
outside a sufficiently small neighbourhood (t - A, t + A ) of t~( ~n, ~'i )) tl~at 
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a l s o  f o r  k = / a+q + l ,  /a+q+2 . . . . .  , m 

0 F  n Of i q 8~ j 

~u k i=~] 1 Pi ~ + = Xj- : 0 - -  - j=m 0u k (32)  

o n  0"0 ,  "rl) a n d  m o r e o v e r  t h a t  

k k ~ 0, k = 1, 2,  . . . . . .  q 

a n d  

/~k > 0, k = 1 , 2  . . . . . . .  /~. 

So w e  h a v e  o n  a s u b - i n t e r v a l  (T0,  ~ )  o f  [ %  , T  1 ] ,  w h i c h  i s  s u c h  t h a t  
t h r o u g h o u t  (7 o , ~'1) c e r t a i n  c o n s t r a i n t s  v a n i s h  w h e r e a s  t h e  r e m a i n i n g  c o n -  
s t r a i n t s  a r e  l e s s  t h a n  z e r o ,  t h e  f o l l o w i n g  necessary conditions f o r  t h e  
e x t r e m a l  j o i n i n g  (X0 ,  T 0 )  w i t h  ( X l , T 1 ) :  

0F n ~fi r a~p k 

O u  iE= lP i -~ -u  + k~=l~t.k 8 U  = O, 
J J J 

j = 1,  2,  . . . . .  , m ,  

~.k~ k = ':O] ~t k >/ 0, k = 1, 2 . . . . . . . .  r ,  

n Ofj ~ Og k 
_ OF E + ~ ~t k i = 1 , 2 ,  n ,  ( 3 3 )  

Pi 0x i j=l k=l a x '  . . . . . . .  

1], 

n .  

1 1 

/ a k g  k = O; /a k >/ 0,  

:~ = fi' 

k = 1 , 2  . . . . . . .  

i = 1 , 2  . . . . . . .  

Obviously x, u and p are differentiable with respect to t on (7o, ~'I)" So 
the assumed differentiability of a k in (25) is justified. If we introduce the 
Hamiltonian 

n r 
"9 

H = - F -~ E Pifi - =E 1 )t j~j  - F. / . lkgk, 
i=1 j k=l 

(34)  

then the necessary conditions can be expressed in the canonical form: 

~uj - 0, j = 1,2 ....... m~ 

~ H  : _ ~ i = 1 2, n ,  (35) 
8x i, , ..... , 

1 

0H = xi" i = 1,2 ....... n. 
8P i 

From these relations it is seen that the Hamiltonian satisfies the equation: 

dH 8H 
dt  8 t  

on an interval (~'0, ~'l)" 
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A l o n g  the e x t r e m a l  x(t) j o i n i n g  ( X 0 , T  0) and  (X1, T1) we h a v e  f r o m  (28) 
and (32) t ha t  

s" ? 5 F ( x ,  u, t )d t  = Pi 5x 
T '2 1 -'a "r0 

Hence 

+ il(~ XkSZk + ~ ~k6Vk)dt. 
~0 \k=1 k=1 

t 

5 F ( x , u , r )  + E kk(r)~k(U,  r) + I3 / ~ k ( r ) g k ( x , r  d r  = E Pi ( t )Sxi ( t  ). (36) 
k=l k=l i=l 

I f  we c o n s i d e r  on ly  v a r i a t i o n s  of the  c o n t r o l - v a r i a b l e s  f o r  w h i c h  6xi (T  1) = 0 
then  i t  f o t t o w s  f r o m  th i s  r e l a t i o n  t ha t  

T I 

6 F + I~ ~.k~k + ~ ~kgk  dt = O. 
k=l k=l 

% 

Therefore, among all curves joining (X 0, T 0) to (X i, TI) and satisfying the 
differential equations (5) the extremal x(t) minimizes the integral 

]'I 

F + I3 Xk~k + I3 /-lkg k dt.  (37) 
k=l k=l 

T o 

Note that the constraints (6) and (7) are omitted. Let J*(x,t) denote the 
integral 

j{ r ] 
F + E kk~k + E /~kgk d r  

k=l k=l 
T o 

from (Xo, T 0) to some point (x, t) of the extremal x(t). 
this integral as compared with all curves joining 
satisfying the differential equations (5) we have that 

Since x(t) minimizes 
(X0, T0) to (x,t) and 

t 

F + E ~tk9 k + E /~kgk  dT = 6J":"(x,t) + 
k=] k=l 

"t" o 

§ 

T o J 

dT, 

whe re 

8(F + Ekk~l~ + E/~l~g~ ) 8f~ 

8u E Pt O u  - 
] J 

0~ 

Consequently we find from (36) that 

Epi(t)Sxi(t ) = 5J*(x,t). (38) 
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Since the e x t r e m a l  x ( t ) m i n i m i z e s  the i n t e g r a l  (37) wi th  the c o n s t r a i n t s  (6) 
and (7) omitted it follows that the condition 

O H  
= 0 auj 

c o r r e s p o n d s  to a m a x i m u m  of  the H a m i l t o n i a n  (34) (cf .  T i m m a n ,  [ 2 ] ,  
s e c t i o n  6), wh ich  e x p r e s s e s  the m a x i m u m - p r i n c i p l e .  

3. Endconditions 

Thusfar we assumed the endpoint (XI, T 1) to be some fixed point in (x, t)- 
space. In applications however it often happens that a number of en(Ico~1- 
ditions for the endpoint (X,T): 

;(k(X, T) = 0, k = 1, 2 . . . . . . .  s ,  (39) 

w h e r e  X = x(T)  has  to be s a t i s f i e d .  It i s  then  the po in t  to m i n i m i z e  the 
f u n c t i o n  J* (X,  T) s u b j e c t  to the c o n d i t i o n s :  

Xl<(X,T) = 0, k = 1, 2 . . . . . . .  s .  

So the L a g r a n g i a n  func t i on  
s 

L = J*(X,  T) - kE=l fik )tk(X' T) ,  (40) 

w h e r e  i l l ,  ~2 . . . . . .  13s a r e  s m u l t i p l i e r s ,  has  to be m i n i m i z e d .  F o r  the 
m i n i m u m  of th i s  f unc t i on  we have  the n e c e s s a r y  c o n d i t i o n s :  

s a Z  k 
a___LL _ a j *  ~ ~k  = 0 (41)  
aX i a x  i k=~ aXi 

and 

a;( k 
a.__LL : a J " "  ~ ~k - 0, (42) 
aT aT k =i aT 

the t r a n s v e r s a l i t y  c o n d i t i o n s  at the endpo in t  ( X , T )  of the e x t r e m a l  x(t) 
j o i n i n g  ( X . , T  0) wi th  the m a n i f o l d  de f i ned  by the e q u a t i o n s  (39). 

L e t  us  ~ o n s i d e r  the c a s e  tha t  the e n d c o n d i t i o n  

T = T 1 

is preseribed, which condition corresponds to a variable endpoint X in x- 
space. From the transversality-eonditions we find that 

a J  :i~ 
aX---~ = O 

at  the endpo in t  ( X , T ) .  F r o m  ( 3 8 ) w e  have  that  at the endpo in t  ( X , T )  of the 
e x t r e m a l  j o i n i n g  (X0, T 0) to (X, T) 

6J':-'(X, T) = E p i ( T ) S X i ( T  ) 

where apparently 5J':"(X, T) : 0. Therefore we can impose the endcondition 
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pi(T1) = 0 (43) 

for the system of adjoint differential equations in case of a problem with 
free endpoint X. 

Let us now consider the case that the endcondition 

X : X 1 (44) 

i s  p r e s c r i b e d ,  w h i c h  c o n d i t i o n  c o r r e s p o n d s  to  a f i x e d  e n d p o i n t  X w i t h  T 
v a r i a b l e .  F r o m  the  t r a n s v e r s a l i t y - e o n d i t i o n  we  f ind  t h a t  

�9 ~J; '  = 0 
aT  

a t  t he  e n d p o i n t  ( X , T ) .  N o w  w e  h a v e  f r o m  (38) 
(AX,  6T) o f  the  e n d p o i n t  ( X , T ) :  

A J "  = 6J* + F + I3 Xj~j g k g  k 6T 
j=l 

= E Pi6Xi + + 13 Xj~oj + ~T, 
i=l j=l j : l  ~ g k  

that for a displacement 

w h e r e  6X i = AX i - fi ST. H e n c e  

A J *  = E P i A X  i + H ST, 

w h e r e  6 T  i s  an  a r b i t r a r y  v a r i a t i o n .  C• we obtain the endcondition 

H = 0 (45) 

for a problem with fixed endpoint X. 

4. Final  r e m a r k s  

If constraints of the form 

~oj(u ,x , t )  ..< 0 

f o r  the  c o n t r o l - v a r i a b l e s  a r e  p r e s c r i b e d  t h e n  the  s a m e  c o n d i t i o n s  a s  (35) 
h o l d  f o r  the  e x t r e m a l  j o i n i n g  (X0,  T 0) and  ( X . I , T  1). T h e  d e r i v a t i o n  of  t h e s e  
conditions is quite analogous to that given in section 2. 

When maximizing the Hamiltonian H at some point t of ~T0, T1 ] obviously 

the term E Pkgk does not matter. 
k=l 

The state-variables are found by means of the differential equations (5), 
subject to the conditions (7). 

In practical applications the constraints often have the form: 

aj ~< uj • bj ,  j = 1, 2 . . . . . . .  m (46) 

for the control-variables and 

ak ~< Xk ~< ~k '  k = 1 ,2  . . . . . . .  n (47~ 

for the state-variables. In numerical computations suchlike constraints are 
easy to deal with, In ease x k = a k or x k = /3 k in (47) fk = 0 whieh implies 
that the Hamiltonian does not contain Pk" 
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As l o n g  as  the c o n s t r a i n t s  (7) a r e  al l  l e s s  than  z e r o  the f u n c t i o n s  p~(t) 
a r e  d e t e r m i n e d  f r o m  the s y s t e m  (29) of  ad jo in t  d i f f e r e n t i a l  e q u a t i o n s ,  w h e r e  
~] = 0. A s  s o o n  as  s o m e  of t h e s e  c o n s t r a i n t s  v a n i s h  the r e l a t i o n s  (27) m a y  
be u s e d ,  w h e r e  .~i is  found f r o m  (22) and the f u n c t i o n s  @i(t) a r e  s o l u t i o n s  
of the s y s t e m  ( 2 3 ) o f  d i f f e r e n t i a l  e q u a t i o n s .  The  unknown  in i t i a l  va lue  P(T0) 
wh ich  m u s t  be c h o s e n  s u c h  tha t  the e n d c o n d i t i o n s  a r e  s a t i s f i e d  m e a n s  a 
f a i r l y  c o m p l i c a t e d  f e a t u r e  of  the n u m e r i c a l  p r o c e d u r e .  

I. ~L. S. Pontryagin, V.G.Bol- 
tyanskii, R.S. Gamkrelidze, 
E. F. Mishchenko. 

2. R. Timman. 

REFERENCES 

The Mathematical Theory of Optimal Processes, Pergamon Press, London, 

1964. 

Optimization Theory for Ordinary Differential Equations, Journal of engi- 
neering mathematics, I, 3, 196q, p. 159-186. 

E Received February 7, 1968]  


